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Abstract:
The asymptotic symmetry group of asymptotically flat four-dimensional black holes is
the BMS group. The original version of the group acts on null infinity but there are variants
that act on event horizons. The definition of the group depends on a choice of boundary
conditions for the metric. For a certain choice of boundary conditions, it contains the group
of smooth area-preserving diffeomorphisms of the 2-sphere, SDiff(S2). This suggests that
black hole entropy could be related to SDiff(S2) representation theory. Motivated by this
possibility, we compute characters of SDiff(S2) coadjoint orbits using the Atiyah-Bott fixed
point formula. Physically, the characters can be interpreted as partition functions. Our
results suggest that 2-sphere diffeomorphisms cannot account for the Bekenstein-Hawking
entropy.
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1 Introduction
A generic spacetime has no isometries, so defining conservation laws in general relativity
for energy, momentum, and angular momentum in the usual way using Noether’s theorem
is hopeless. In general, the best one can do is derive asymptotic conservation laws acting
on data at infinity, far from gravitational sources. For four dimensional, asymptotically
flat spacetime, the asymptotic symmetry group is the Bondi-van der Burg-Metzner-Sachs
(BMS) group [1–3]. It is an infinite dimensional generalization of the Poincaré group. The
translation subgroup of Poincaré is enhanced to a group of “supertranslations,” which act
as angle-dependent translations along null generators of the celestial sphere.
In the original BMS proposal, the Lorentz subgroup of Poincaré remains the same.
Lorentz transformations act as global conformal transformations of the celestial sphere.
Barnich and Troessaert proposed enlarging the BMS group to allow local conformal trans-
formations of the celestial sphere [4–7]. The asymptotic symmetries so obtained are called
“superrotations.” The superrotation group of Barnich and Troessaert is isomorphic to two
copies of Diff(S1) (the centerless Virasoro(–Bott) group). Recently, Strominger and collab-
orators triggered a flurry of activity with their observation that the BMS group (possibly
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including superrotations1) underlies the classical gravitational memory effect and soft the-
orems in quantum field theory [9–14]. This web of developments is reviewed in [15].
A major inspiration for recent work on BMS symmetry is the black hole information
problem. Black hole evaporation seems to destroy information. It has been conjectured
that the infinite number of conservation laws implied by BMS symmetry may be important
for restoring unitarity [16–18]. Earlier suggestions with a similar flavor appear in [19–22].
A closely related proposal is that the Bekenstein-Hawking entropy, S = A/4, where A is
the area of the black hole event horizon in Planck units, might be understood microscopically
as counting states in BMS representations. An analogue of this conjecture is known to be
successful in three spacetime dimensions. In three dimensions, there are asymptotically
anti de Sitter (AdS) black holes [23, 24]. The asymptotic symmetry group is two copies
of Virasoro, each with central charge c = 3`/2G, where ` is the AdS scale [25]. The
Bekenstein-Hawking entropy can be derived by assuming an underlying two-dimensional
conformal field theory (CFT) with c = 3`/2G and using Cardy’s formula to count CFT
states [26]. This celebrated result has many variants. It can be extended to asymptotically
flat three dimensional gravity [27, 28] using a central extension of the three dimensional
BMS group [29]. This can be understood as the `→∞ limit of the previous case2. It can be
extended to extremal (maximally rotating) asymptotically flat black holes in four spacetime
dimensions, basically because a warped version of three dimensional AdS space appears in
the near-horizon limit [30]. Despite these successes, there is no microscopic understanding
of the entropies of ordinary (sub-extremal) astrophysical black holes. It is reasonable to
hope that BMS representation theory might play a role.
The goal of the present paper is to test one version of this proposal. We study a
version of the BMS group that acts on the black hole event horizon3 [34, 35]. The group
is Diff(S2)nC∞(S2), where the first factor is the group of smooth diffeomorphisms of the
two-sphere, and the second factor is the group of smooth functions on the two-sphere. This
is an infinite dimensional Lie group. It is well-known from fluid dynamics, where it serves as
the configuration space of the compressible Euler equations on S2 [36–40]. In fact, we have
recently used the black hole membrane paradigm [41, 42] to reinterpret BMS conservation
laws as fluid conservation laws [43–45]. Eling has developed the relationship between BMS
and fluid symmetries using effective field theory [46, 47].
For simplicity, the present paper will focus on the subgroup G ≡ SDiff(S2) ⊂ Diff(S2)n
C∞(S2) of area-preserving diffeomorphisms. This is the little group for “constant momen-
tum” representations. By analogy with the Poincaré group, the space of “momenta” is
the dual of C∞(S2), which is the space of two-forms. A constant momentum is a 2-form
1In the original proposal, supertranslations control the leading terms in the memory effect and soft
theorems and superrotations control the subleading terms. Conde and Mao [8] have argued that super-
translations alone suffice to explain the leading, subleading, and even subsubleading terms in the memory
effect and soft theorems. It is not clear that superrotations are needed for these applications.
2Note that the “horizon” in the asymptotically flat case corresponds to the ` → ∞ limit of the inner
horizon of the AdS black hole.
3Campiglia and Laddha [31, 32] derived a similar group at null infinity, but their boundary conditions
violate the usual asymptotic flatness conditions [33], so the physical interpretation is unclear.
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proportional to the area form. So the little group is G, the group of area-preserving diffeo-
morphisms of the two-sphere.
G is a well studied group because of its importance in fluid dynamics, where it acts as
symmetries of the incompressible Euler equations on S2. In particular, the coadjoint orbits
of G have been completely classified [38, 48–50]. Coadjoint orbits are orbits of the group
action on the dual of its Lie algebra. According to the orbit method, certain “integral”
coadjoint orbits of a Lie group are in one-to-one correspondence with unitary irreducible
representations of the group [51–53].
Our main result is a formula for characters of coadjoint orbits of G (equation 4.18).
The coadjoint orbits can be interpreted as classical phase spaces for the incompressible
Euler equations. They are labeled by an infinite set of invariants [51–53]. We consider a
subset of the orbits for which an infinite set of generalized enstrophies gives a complete
set of invariants. The characters can be interpreted as partition functions. We compute
characters using the Atiyah-Bott fixed point formula4 [52, 55–58]. Our “Hamiltonian” is the
rotation generator, J = ∂φ, and we study its fixed points. The fixed points are one-forms
dual to U(1) invariant divergence-free vector fields. We introduce local coordinates on the
orbit using a basis of divergence-free vector spherical harmonics. We define a complex
structure on the orbits by separating the harmonics with positive and negative angular
frequencies, eimφ. This gives a notion of holomorphic and antiholomorphic directions that
is crucial for applying the fixed-point formula.
Our calculation is modeled on Witten’s calculation of characters of Virasoro coadjoint
orbits [52]. Our investigation was inspired by Oblak’s recent calculation [59] of characters
of coadjoint orbits of the BMS group in three spacetime dimensions [60–62], although the
techniques involved in that computation are rather different. The three dimensional BMS
characters were studied using geometric quantization by Garbarz and Leston [63].
We use our character formula to test the proposal that Bekenstein-Hawking entropy
counts states in representations of Diff(S2) n C∞(S2). Unfortunately, the characters we
compute do not support this conjecture. It is helpful to recall the situation in three space-
time dimensions. In three dimensions, with AdS boundary conditions, the asymptotic sym-
metry group is two copies of Virasoro. Virasoro characters can be completed to modular
invariant partition functions with the right number of states to explain black hole entropy
[64]. However, the SDiff(S2) characters we compute give a divergent number of microstates.
It is hard to imagine how one could regulate this divergence and get S = A/4 (with the
correct factor of 1/4).
The remainder of this paper is as follows. Section 2 reviews the characters of SO(3)
representations and introduces the Atiyah-Bott fixed point formula in this context. This is
a useful warm-up for the full area-preserving diffeomorphism group. Section 3 reviews the
geometry of G. Further background can be found in the textbooks of Khesin and Wendt [65]
and Marsden and Ratiu [66]. Section 4 describes our main results. We compute characters
of G using the Atiyah-Bott fixed point formula and discuss the application to black holes.
4In the examples we consider, the Atiyah-Bott formula is equivalent to the Duistermaat-Heckman
localization formula. The latter was recently used to study the partition function of the Schwarzian theory
that emerges from the SYK model [54].
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2 Characters of SO(3)
This section reviews the characters of SO(3) representations. This is a natural starting
point because SO(3) is a subgroup of the group of all area-preserving diffeomorphisms of
the sphere. Characters of the latter will turn out to be infinite dimensional generalizations
of the characters discussed in this section. We compute SO(3) characters three different
ways: first directly, as traces of representations, then using the orbit method, and finally
using the Atiyah-Bott fixed point formula. Only the third approach will be available when
we come to the full area-preserving diffeomorphism group. However, each perspective shines
a light on the others and reviewing the first two methods helps to clarify the fixed point
formula.
2.1 Direct calculation
Unitary irreducible representations of SO(3) are vector spaces of dimension 2` + 1, ` =
0, 1, 2, . . . . The character of a representation ρ` is a function, χρ` : SO(3)→ C, defined by
χρ`(g) = tr(ρ`[g]), (2.1)
where ρ`[g] is the matrix representation of g ∈ SO(3). It follows directly from its definition
as a trace that the character is invariant under conjugation g → hgh−1. Under conjugation,
every rotation in SO(3) can be brought to a rotation about a fixed axis. Let gz(ϑ) be
rotation by ϑ about the z-axis. Characters of SO(3) representations then depend only on
ϑ, not the choice of rotation axis.
To compute SO(3) characters, it is convenient to use a basis of spherical harmonics. For
fixed `, the space of linear combinations of spherical harmonics, Y`m, with m = −`, . . . , ` is
a vector space of dimension 2`+ 1. The action of SO(3) on this space gives a realization of
ρ`. The action of gz(ϑ) is
Y`m → eimϑY`m, (2.2)
so the matrix is ρ`[gz(ϑ)] = diag(e−i`ϑ, . . . , ei`ϑ), and the character is
χρ`(gz(ϑ)) = e
−i`ϑ + · · ·+ ei`ϑ = e
iϑ(`+1/2) − e−iϑ(`+1/2)
eiϑ/2 − e−iϑ/2 . (2.3)
2.2 Orbit method
The crux of the orbit method is that unitary irreducible representations of Lie groups
are in one-to-one correspondence with certain “integral” orbits of the group action on the
dual space of the Lie algebra5 [53]. All data on the representation theory side can be
formulated entirely in terms of data on the orbit side. The advantage of this is that
the orbits have a rich geometrical structure. They are symplectic manifolds and they are
usually either Kähler manifolds or cotangent bundles. We will use the orbit method to
compute characters. Physically, orbits represent classical phase spaces and representations
represent quantum state spaces, so one might expect such a correspondence, at least in the
5The correspondence is not yet fully understood. Vogan has called it a “damaged treasure map” [67].
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“semiclassical” limit as the orbits become “large.” However, what is most surprising about
the orbit method is that it is exact; the correspondence between orbits and representations
involves no semiclassical limit.
The Lie algebra so(3) is the space of 3-by-3 antisymmetric matrices. It carries an
invariant quadratic form, tr(XY ), with X,Y ∈ so(3). So linear functionals on so(3) can be
identified with elements of so(3). This means the distinction between so(3) and the dual
space so(3)∗ is not so important.
We may regard so(3)∗ as R3, using the map
J˜ =
 0 −Jz JyJz 0 −Jx
−Jy Jx 0
↔ J = (Jx, Jy, Jz). (2.4)
Under this map, the matrix commutator becomes the vector cross product, [J˜ , K˜] = (J ×
K )˜ .
The coadjoint action of g ∈ SO(3) on J ∈ R3 is just matrix multiplication,
Ad∗g J = gJ. (2.5)
The coadjoint orbit passing through J is
O|J | = {gJ |g ∈ G}. (2.6)
It is a two-sphere centered on the origin, with radius |J | (with respect to the usual Euclidean
norm). Physically, one can think of J as the angular momentum vector of a rigid body and
O|J | as the space of classical states with fixed total angular momentum.
Coadjoint orbits are symplectic manifolds. In the present example this is obvious
because the orbits are two-spheres. The symplectic form is
ωO|J| = |J | sin θdθ ∧ dφ, (2.7)
and the area form is ωO|J|/(2pi). The total area is area(O|J |) = 2|J |. “Integral” orbits in the
present case are simply those with integer area. Let6 |J | = `+ 1/2, ` = 0, 1, 2, . . . Accord-
ing to the orbit method, the integral orbit O`+1/2 corresponds to the unitary irreducible
representation ρ`.
Kirillov’s character formula gives characters of ρ` as integrals over J ∈ O`+1/2. Let
X ∈ so(3) be the infinitesimal generator of g ∈ SO(3) and let 〈X, J〉 be the usual Euclidean
dot product. Then
χρ`(exp(X)) =
1
p(X)
∫
O`+1/2
ei〈X,J〉
(
ωO`+1/2
2pi
)
. (2.8)
The normalization factor, p(X), is the square-root of the Jacobian of the exponential map.
It enters because the lhs is a function on the Lie algebra, while the usual character, χρ`(g),
6The orbits with ` = 1/2, 3/2, . . . are also integral. They correspond to unitary irreducible representa-
tions of SU(2), the double cover of SO(3).
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is a function on the Lie group. The invariant measure on the Lie algebra is Lebesgue
measure, the invariant measure on the Lie group is Haar measure, and these are related by
a nontrivial Jacobian. So characters on the Lie algebra and characters on the Lie group are
related by the square root of the Jacobian. This explains p(X).
Characters of SO(3) are functions of rotation angle only and do not depend on the ro-
tation axis. On the representation theory side this followed from the conjugation invariance
of the trace. On the orbit side it follows from the SO(3) invariance of the dot product and
the measure in the orbital integral (2.8). So to evaluate the integral, it suffices to consider
X aligned with the z-axis (where z = |J | cos θ) and set X = (0, 0, ϑ). The normalization
factor turns out to be [68]
p(X) =
eiϑ/2 − e−iϑ/2
iϑ
. (2.9)
So
χρ`(exp(X)) =
1
p(X)
∫ `+1/2
−(`+1/2)
eiϑzdz =
eiϑ(`+1/2) − e−iϑ(`+1/2)
eiϑ/2 − e−iϑ/2 , (2.10)
which precisely matches the character (2.3) computed in the previous section. It is perhaps
worth noting that at the identity, ϑ = 0, the character is just area(O`+1/2) = 2`+1. This is
a precise version of the physical heuristic that the number of quantum states is the volume
of classical phase space in Planck units.
2.3 Fixed-point formula
Physically, the Kirillov character formula (2.8) expresses characters as integrals over classical
states and resembles a path integral, with each state J weighted by ei〈X,J〉. Path integrals
are often computed using a stationary phase approximation [69]. The idea is to think of X
as a “Hamiltonian” and evaluate the integral at its fixed points. In the present example, X
generates rotations about the z−axis and has two fixed points, the north and south poles
of the sphere. These two fixed points correspond to the two terms in the character (2.10).
It is remarkable that the stationary phase approximation has here turned out to be exact.
This observation is a special case of the Atiyah-Bott fixed point formula. The Atiyah-Bott
formula gives characters directly as sums over fixed points, bypassing the need to compute
orbital integrals. This provides a streamlining that becomes essential when we turn to
the full area-preserving diffeomorphism group, for which the orbits are infinite dimensional
manifolds and computing orbital integrals is not practical.
We first state a general version of the fixed point formula, following [52, 58]. Consider
a coadjoint orbit, O, with a complex structure. Let V be a vector field generating a U(1)
action on O and consider its fixed points. We assume the fixed points are isolated (see
[70] for the case of non-isolated fixed points). Near a fixed point, express Vˆ ≡ −iV in
holomorphic coordinates, zk, k = 1, . . . ,dimCO, as
Vˆ =
∑
k
nkzk
∂
∂zk
, (2.11)
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where the nk are integers. Let s be the number of negative nk and let h be the value of V
at the fixed point. Then the Atiyah-Bott fixed point formula is
tr qVˆ =
∑
fixed points
(−1)sqh
∏
k
1
1− q|nk| , (2.12)
where q = eiϑ.
Returning to SO(3), the orbits are complex manifolds because S2 ∼ CP1. The “Hamil-
tonian,” V = ∂φ, acts by rotations about the z-axis. The two fixed points are the
north and south poles of the sphere. Near the south pole, the holomorphic coordinate
is z = cot(θ/2)eiφ and the rotation generator is
Vˆ = z∂z − z¯∂z¯. (2.13)
Near the north pole, the holomorphic coordinate is z = tan(θ/2)e−iφ and the rotation
generator is Vˆ = −z∂z + z¯∂z¯.
The Hamiltonian vector field, ∂φ, defines a Hamiltonian function, h, by the usual rule,
dh = ι∂φωO|J| = ι∂φdφ ∧ dz = dz. (2.14)
Integrating gives h = z+1/2, where we have fixed the integration constant to get the usual
character. At the fixed points, h = ±|J | + 1/2. Now the Atiyah-Bott fixed point formula
(2.12) gives
χρ`(exp(X)) = −
q|J |+1/2 − q−|J |+1/2
1− q =
q`+1/2 − q−(`+1/2)
q1/2 − q−1/2 , (2.15)
which precisely matches the character (2.10) computed earlier. Our goal for the next two
sections is to generalize (2.15) to the group of all area-preserving diffeomorphisms of the
sphere.
3 Area-preserving diffeomorphisms of S2
Let µ be an area form on the 2-sphere (we will specialize to the unit round sphere and set
µ = sin θdθ ∧ dφ in section 4). The group of area-preserving diffeomorphisms is
G ≡ SDiff(S2) = {ϕ ∈ Diff(S2) | ϕ∗µ = µ}. (3.1)
It is an infinite dimensional Lie group, with group multiplication given by composition of
diffeomorphisms. The Lie algebra is the algebra of divergence-free vector fields,
g = SVect(S2) = {ξ ∈ Vect(S2) | Lξµ = 0}. (3.2)
The vector fields are divergence-free because Lξµ = (divµξ)µ = 0. The Lie bracket of
ξ, η ∈ SVect(S2) is just the Lie derivative: adξη = [ξ, η] = −Lξη.
Elements of the smooth dual of g are identified with cosets in the space of 1-forms
on S2, where two 1-forms are considered equivalent if they differ by an exact form: g∗ =
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Ω1(S2)/dΩ0(S2). The quotient by dΩ0(S2) is the analogue for 1-forms of the divergence-
free condition on the vector fields. This quotient ensures that the pairing between g and g∗
is nondegenerate. The pairing between ξ ∈ g and [u] ∈ g∗ is
〈ξ, [u]〉 =
∫
S2
ιξu ∧ µ, (3.3)
where u is any representative of the coset [u]. It is important that the integral is independent
of the choice of representative. The (graded) Liebniz property of the interior derivative gives
the equivalent expression
〈ξ, [u]〉 =
∫
S2
u ∧ νξ, (3.4)
where νξ ≡ ιξµ. Now shifting u by an exact form, df , gives a term∫
S2
df ∧ νξ =
∫
S2
d(f ∧ νξ) = 0, (3.5)
where we used dνξ = 0, as follows from Cartan’s formula and the divergence-free condition
on ξ: 0 = Lξµ = dνξ + ιξdµ. This shows that the pairing (3.3) is independent of the choice
of coset representative and it explains why it is necessary to define g∗ as a quotient by exact
forms to get a nondegenerate pairing.
3.1 Adjoint and coadjoint actions
G acts on itself by conjugation. The adjoint action of G on g is obtained by considering
the infinitesimal version of conjugation near the identity. Concretely, let ψt = id.+ tξ+ . . .
be a curve in G with tangent vector ξ at the identity. The adjoint action of ϕ ∈ G on ξ is
Adϕξ ≡ d
dt
∣∣∣∣
t=0
ϕ ◦ ψt ◦ ϕ−1 = ϕ∗ξ ◦ ϕ−1, (3.6)
which is just pushforward of the vector field ξ by ϕ.
The coadjoint action of G on g∗ is the dual of the adjoint action:
〈ξ,Ad∗ϕ[u]〉 = 〈Adϕ−1ξ, [u]〉, (3.7)
for all ξ ∈ g. The rhs is
〈Adϕ−1ξ, [u]〉 =
∫
S2
u ∧ ι(ϕ−1)∗ξµ =
∫
S2
(ϕ−1)∗u ∧ ιξ(ϕ−1)∗µ, (3.8)
where we have used the fact that pullback is distributive over wedge and interior products.
Now the area-preserving condition on ϕ implies (ϕ−1)∗µ = µ, so the coadjoint action of G
on g∗ is
Ad∗ϕ[u] = [(ϕ
−1)∗u]. (3.9)
Differentiating at the identity gives the coadjoint action of g on g∗. It is minus the Lie
derivative:
ad∗ξ [u] = −[Lξu]. (3.10)
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3.2 Coadjoint orbits
We are now ready to describe the orbits of the coadjoint action. The coadjoint orbit passing
through [u] ∈ g∗ is
O[u] = {Ad∗ϕ[u] | ϕ ∈ G} ⊂ g∗. (3.11)
The orbits have been completely classified [38, 48–50]. To explain the classification, it is
helpful to adopt language from fluid dynamics, the subject which inspired the classification
problem. Given a 1-form, u, the dual vector, u], is called the velocity and u itself is the
covelocity (we are now assuming the 2-sphere has a metric, so we can raise and lower
indices). The differential, du, is the vorticity 2-form and du/µ is the vorticity function.
The generalized enstrophies,
Ik([u]) ≡
∫
S2
(
du
µ
)k
µ, (3.12)
for k ∈ N, are coordinate independent. So they are invariants of the coadjoint action and
constant on coadjoint orbits. Now it may happen that the space of level sets of the vorticity
function has multiple components. In this case, additional data is needed to distinguish the
orbits [48–50]. However, the orbits whose characters we will compute in the next section
have trivial level set structure, so the enstrophies (3.12) are a complete set of invariants.
It is worth noting that the Ik([u]) are conserved by the incompressible Euler equations.
In fact, they are conserved by any flow on g∗ which is Hamiltonian with respect to the
Lie–Poisson bracket. The Lie–Poisson bracket on g∗ acts on functions A,B ∈ C∞(g∗) by
{A,B}(u) =
〈
u,
[
δA
δu
,
δB
δu
]〉
. (3.13)
On the rhs, δA/δu and δB/δu are considered as elements of g. The corresponding flow of
[u] with respect to a Hamiltonian function, H, is
d[u]
dt
= −ad∗δH/δu[u]. (3.14)
The flow is confined to a coadjoint orbit, so it preserves the enstrophies (3.12) for any choice
of H. Another way of saying this is that the enstrophies are Casimir functions on g∗: they
(Lie–)Poisson commute with every function on g∗.
4 Characters of SDiff(S2)
Now that we have described the coadjoint orbits of SDiff(S2), we can ask about their char-
acters. Computing characters of SDiff(S2) using orbital integrals is not practical because
the orbits are infinite dimensional. This makes it difficult to set up the correct integration
measure. Shavgulidze has constructed a measure [71–73] but it leads to cumbersome ex-
pressions for the integrals we want to compute. Instead, we will use the Atiyah-Bott fixed
point formula. We leave computation via orbital integrals as an interesting problem for the
future.
We restrict attention to the unit round sphere, with area form µ = sin θdθ ∧ dφ. For
simplicity, we only consider the orbits O[u0], where u0 = C sin2 θdφ and C is a constant.
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The one-form u0 is the covelocity of the constant velocity field u
]
0 = C∂φ. If u0 represents
a solution of the incompressible Euler equations, then O[u0] is the fluid’s classical phase
space.
The character of O[u0] is computed in several steps. First, we find the fixed points of the
“Hamiltonian7” J ≡ ∂φ on O[u0]. At each fixed point, we find the value of the Hamiltonian
function. This turns out to be the total angular momentum of the fixed point. Near each
fixed point, we express J as a vector field on O[u0] in local coordinates. The coordinates
are supplied by introducing a basis of divergence-free vector spherical harmonics. Finally,
we introduce a complex structure on the coordinates and apply the character formula.
4.1 Fixed points
The “Hamiltonian,” J ≡ ∂φ, acts on O[u0] by the coadjoint action (3.10). The Atiyah-Bott
fixed point formula instructs us to study fixed points of this action. The coset [u0] is itself
a fixed point: ad∗J [u0] = −[L∂φu0] = [0]. The orbit O[u0] has a second fixed point8 at
−[u0]. The fixed points, [u0] and −[u0], have the same generalized enstrophies (3.12), as
they must. They have different vorticity functions, ±du0/µ = ±2C cos θ, but their odd
enstrophies are identically zero and their even enstrophies are clearly the same.
We have found two fixed points. Are there others? A fixed point of J = ∂φ must
have the form u = uφ(θ)dφ (modulo an exact term, uθ(θ)dθ), and it must have the same
enstrophies as [u0] because it lies on O[u0]. This leaves only ±[u0]. So the character will be
a sum of two terms, one for each fixed point.
4.2 Hamiltonian function
Next we use the symplectic structure on the orbit to find the value of Hamiltonian at the
fixed points. The orbit’s symplectic form, ω, is defined by its action on tangent vectors,
ξg∗ , ηg∗ ∈ T[u]O[u0]. Assign the tangent vector ξg∗ to the Lie algebra element ξ ∈ g by
ξg∗ = −ad∗ξ [u]. Then the orbit’s symplectic structure is defined by
ω(ξg∗ , ηg∗) ≡ 〈[u], [ξ, η]〉. (4.1)
We drop the subscripts from elements of T[u]O[u0] from now on.
We have been expressing the Hamiltonian, J = ∂φ, as an element of g = SVect(S2).
Now we want to think of it as a vector field on O[u0]. We will give a coordinate expression
in the next subsection but continue to work abstractly for now. The Hamiltonian function,
 ∈ C∞(O[u0]), is defined according to the usual rule of Hamiltonian mechanics,
d = ιJω. (4.2)
For all K ∈ T[u]O[u0], this gives
ιKd = ιKιJω = ω(J ,K) = 〈[u], [J ,K]〉. (4.3)
7This is a “Hamiltonian” in the sense that it defines a Hamiltonian function on phase space. It corre-
sponds to angular momentum. The usual Hamiltonian function corresponding to energy is
∫
S2
u2/2µ.
8Note that −[u0] can be reached from [u0] by acting with SDiff(S2) (in fact, by acting with SO(3)).
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Now it is not hard to see that the Hamiltonian function must be  = 〈[u],J 〉+ c, for some
constant c. Indeed, plugging this expression into the far lhs of (4.3) gives
ιKd = LK = LK〈[u],J 〉 = 〈[u], [J ,K]〉, (4.4)
which matches the far rhs of (4.3). So the Hamiltonian function at [u] is just the total
angular momentum of [u],
 = 〈[u], ∂φ〉+ c =
∫
S2
uφ µ+ c. (4.5)
At the fixed points,  = ±8piC/3 + c.
4.3 Local coordinates
The next step is to give a local coordinate expression for the Hamiltonian, as a vector field
on the orbit, near the fixed points. The coadjoint action sends [u0]→ [u0] + ad∗ξ [u0], so we
can label points near a fixed point with ξ ∈ g. We thus begin by introducing a basis for
g = SVect(S2).
Divergence-free vector fields on the sphere can be expanded in divergence-free vector
spherical harmonics. The basis elements are
ξ`m = n×∇Y`m, (4.6)
where n is the outward unit normal and Y`m are ordinary spherical harmonics; the first few
are
Y00 =
1
2
√
1
pi
, Y10 =
1
2
√
2
pi
cos θ, Y1±1 = ∓1
2
√
3
2pi
sin θe±iφ. (4.7)
In components,
ξ`m = − 1
sin θ
∂Y`m
∂φ
∂
∂θ
+
1
sin θ
∂Y`m
∂θ
∂
∂φ
. (4.8)
In fluid dynamics, Y`m is called the stream function of the velocity field ξ`m. The covelocity
is
u`m = ξ
[
`m = −
1
sin θ
∂Y`m
∂φ
dθ + sin θ
∂Y`m
∂θ
dφ. (4.9)
The vorticity function is simply
du`m
µ
= −`(`+ 1)Y`m. (4.10)
Now we can label points on O[u0] near [u0] with ξ`m ∈ g using the coadjoint action
[u0]→ [u0] + ad∗ξ [u0]. Actually, the space of all ξ`m is too big, because some of the ξ`m act
trivially on [u0]. The action of a vector spherical harmonic on [u0] = [C sin2 θdφ] is
(Lξ`mu0)i = ξj`m∂ju0i + (∂iξj`m)u0j . (4.11)
Consider the θ−component of this equation. The first term vanishes and the second term
is
(∂θξ
φ
`m)u0φ = (∂θξ
φ
`m)C sin
2 θ. (4.12)
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Setting [Lξ`mu0] = [0] impliesm = 0. Withm = 0, the φ-component of (4.11) also vanishes.
We conclude that the subset h ⊂ g that stabilizes the fixed point is generated by the m = 0
harmonics. The tangent space near a fixed point is isomorphic to g/h. The divergence-free
vector spherical harmonics, ξ`m, with m 6= 0 provide a complete set of local coordinates for
the orbit near a fixed point.
Our goal is to express Jˆ ≡ −iJ as a linear combination of ∂ξ`m , m 6= 0. The action of
Jˆ on ξ`m is
[Jˆ , ξ`m] = mξ`m. (4.13)
So near the fixed points, ±[u0], we have the local expression
Jˆ =
∑
`>0
∑
−`≤m≤`
m6=0
mξ`m
∂
∂ξ`m
. (4.14)
The last step before applying the fixed point formula is to give the coordinates a complex
structure.
4.4 Complex structure
The tangent space at a fixed point, k ≡ g/h, has a natural decomposition,
k = k+ ⊕ k−, (4.15)
where k+ is spanned by ξ`m, m > 0, and k− is spanned by ξ`m, m < 0. This decomposition
is invariant under the action of h; for all ξ`0 ∈ h and m > 0,
[ξ`0, ξ`m] ∈ h⊕ k+. (4.16)
This defines an almost complex structure because k− is the complex conjugate of k+. In
fact, it gives a complex structure because if m and m′ are positive then
[ξ`m, ξ`′m′ ] ∈ h⊕ k+. (4.17)
The complex structure so obtained is actually Kähler because Poisson brackets of ξ`m and
ξ`′m′ vanish if m and m′ have the same sign.
Equation (4.13) shows that elements of k+ and k− act as raising and lowering operators,
respectively, for the Hamiltonian, Jˆ . At [u0], the Hamiltonian is at its maximum and the
holomorphic directions correspond to k−. At −[u0], the Hamiltonian is at its minimum and
the holomorphic directions correspond to k+.
4.5 Result and discussion
We now have all the ingredients we need to apply the fixed point formula (2.12). The result
is
χO[u0](q
Jˆ ) = q−
∞∏
`=1
∏`
m=1
1
1− qm + q

∞∏
`=1
(−1)`
∏`
m=1
1
1− qm , (4.18)
where  = 8piC/3 + c. This is our main result.
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The first thing to check is that we can recover the SO(3) character (2.15) by taking a
suitable truncation of (4.18). The rotation group is generated by the ` = 1 harmonics ξ1,−1,
ξ1,0, and ξ1,1. Truncating (4.18) at ` = 1 and setting the integration constant c = 1/2, gives
precisely the SO(3) character computed earlier.
We can try to use this result to count black hole microstates. It is not entirely clear
what this should mean. Characters count states in irreducible representations, while the
full Hilbert space of black hole microstates is expected to be highly reducible9. In three
dimensions, characters of the asymptotic symmetry group can be completed to modular
invariant partition functions whose coefficients count black hole microstates [64]. So the
best one could hope for is that the character (4.18) can be completed to something related
to black hole entropy by adding contributions from additional states. But even this seems
unlikely. Following the three dimensional example, we expect the entropy of a black hole
with angular momentum  to be related to the coefficients of the q± terms in a series
expansion of (4.18). Unfortunately, all of the coefficients in a series expansion of (4.18) are
divergent. It is hard to imagine how one could regularize these divergences and obtain the
Bekenstein-Hawking area law, S = A/4, with the correct factor of 1/4. We conclude that
sphere diffeomorphisms are unlikely to account for black hole entropy.
We have been studying characters of G ⊂ Diff(S2) n C∞(S2). As remarked at the
outset, G is the little group of “constant momentum” representations of the semidirect
product. One could try to extend characters of the little group to characters of the full
group using the Frobenius formula [59, 74]. However, in the present case this gives a
divergent integral due to the infinite volume of Diff(S2) orbits in C∞(S2). So it is actually
not clear how to make sense of characters of the full group. This may be further reason to
suspect that characters of Diff(S2)n C∞(S2) are not related to black hole entropy.
It would be appealing if one could understand the character (4.18) as the partition
function of an incompressible fluid. The SO(3) character (2.3) can be interpreted as the
partition function of a spin-` particle coupled to a magnetic field along z (identify ϑ with
the imaginary inverse temperature). Perhaps one can find a similar physical interpretation
for characters of G. One does not usually contemplate quantizing the incompressible Euler
equation because it represents a long wavelength average over classical degrees of freedom.
On the other hand, there are quantum systems with long wavelength, hydrodynamic limits.
An example of a quantum fluid is a superfluid. G governs the symmetries of the effective
field theory [75, 76]. Characters of G might find application to this theory.
Physical applications aside, G is a fundamental example of an infinite dimensional Lie
group and it would be interesting to further develop its representation theory using the
orbit method. One would like to understand the meaning of the integrality constraint
on the orbits. For SO(3), the integrality constraint is simply that the coadjoint orbits
have integral area. That will not work for G because the orbits have infinite volume.
The formulation of integrality will need to be more subtle. It is natural to guess that
irreducible representations require half-integral  but we have not attempted to prove this.
Another important open question is to prove that the representations obtained using the
9We thank B. Oblak for correspondence on this point.
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orbit method are indeed unitary. Finally, our focus has been on diffeomorphisms that
are continuously connected to the identity. It would be interesting to understand how
the antipodal map fits into this story. Such “large diffeomorphisms” can play an important
role. For example, modular transformations are crucial for understanding the representation
theory of the two dimensional conformal group.
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